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Design of Acoustic Linings for Ducts with Flow
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A procedure for the design of acoustic linings for the attenuation of fan generated noise in turbo fan engines is
described. This procedure is based on an interaction between an extensive analytical lining performance pre-
diction capability and flow duct testing. The theoretical basis for lining analysis in rectangular, circular, and
annular ducts with either uniform or sheared flow is formulated and the results of the development of a lining
mathematical model are presented. The predictive capability is employed in conjunction with a least attenuated
mode lining optimization scheme to determine the lining impedance which will provide the required attenuation
spectrum. A flow duct test facility is briefly described and results of the testing of lining designs and the com-
parison with theoretical predictions is presented.

Introduction

IN response to recently enacted regulations,1 powerplant
and airframe manufacturers have begun a program to sub-

stantially reduce the noise of conventional and turbo-fan
engines. Success in jet noise suppression has lowered the
noise floor sufficiently that the reduction of fan and com-
pressor noise has become a major consideration.

The technique for achieving fan noise reduction can be
broken down into two distinct approaches. One method
consists of reduction of the noise at the source. This is to
be accomplished by the development of a detailed under-
standing of the noise generation mechanism in the fan stages
and the use of this knowledge to design fans and compressors
which operate at reduced noise levels. The second method
accepts the presence of the noise source and seeks to attenuate
the sound in the fan inlet and exhaust ducts by acoustic treat-
ment of the duct walls. The present paper deals with the
second approach and details the elements of a theoretical and
experimental program for duct lining design and optimization.

The theoretical analysis and prediction of the performance
of acoustic lining materials in an actual engine application is
made difficult and costly by the complicated duct geometries
and operating conditions which are encountered. Exact
theoretical analysis is not practical and experimental work
under full-scale operating conditions, although necessary for
final design verification, is too costly for developmental work
aimed at optimization of lining configurations. For these
reasons, the study of lining materials is generally based on
simplified, but representative, mathematical models and by
experimental investigations in flow ducts which roughly match
the conditions found in actual fan inlet and exhaust ducts.

Theoretical and experimental investigations of the trans-
mission and attenuation of sound in ducts has been a field of
fruitful research for a number of years. Original interest was
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directed toward the transmission of noise in air distribution
systems, but aircraft applications have intensified the interest
in recent years and a substantial basis of experimental and
theoretical results is being developed.

Experimental programs for lining development and sound
transmission investigations have appeared in the literature2"5

as have descriptions of facilities for systematic testing.6"8

Much of the test work was carried out before an extensive
theoretical model was available for the prediction of duct
lining performance. However, mathematical modeling of the
sound transmission in ducts with and without flow9"18 has
reached a high state of development and is available for design
computations.

The modeling of the acoustic lining has been a more difficult
process. The description of acoustic linings has generally
been accomplished by experimental means involving steady
flow resistance testing and standing wave tube tests. Results
of this type of testing are available from lining suppliers and
have been reported in the literature, as by Marsh.6 Mathe-
matical models have depended heavily on empirical models
based on the steady flow resistance work of Green and
Duwez19 for porous media, Beranek's oscillatory flow resist-
ance work for perforated sheet,20 and studies of the behavior
of Helmholtz resonators, such as by Phillips.21 A major
portion of the investigation described in the present paper
has been directed toward developing a lining impedance
model, based on the above studies, which accurately accounts
for steady and oscillatory viscous effects, grazing flow effects,
and inertial effects.

Lining Design and Optimization Procedure

The parameters which control the design of an acoustic
lining include: engine performance data (duct flow condi-
tions); geometry (duct size and allowable lining length); and
acoustic objectives (amount of attenuation and frequency
bandwidths requiring attenuation). Of these parameters,
engine performance data and geometry can be considered
relatively well defined, while the establishment of acoustic
objectives can be considered a major step in the design process.

The first phase of the lining design procedure is the estab-
lishment of the design objectives. This phase begins with
the acquisition of the J octave far field and the 100 Hz narrow
band near field (fan inlet and exhaust duct) noise signatures
of the subject engine. These data are obtained from full-scale
engine testing. Data are taken for approach, cutback, and
takeoff engine conditions. The far field polar data are
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separated into components representing fan noise, primary
jet noise, secondary jet (fan discharge) noise, and turbo-
machinery noise, and input to an effective perceived noise
level (EPNL) program which predicts EPNL values for fixed
observer locations with a given aircraft flight path. Trade
studies are made for combinations of fan inlet and exhaust
attenuations (based on normalized attenuation spectra syn-
thesized from accumulated lining design experience) until an
acceptable EPNL level is achieved. This process will define
an objective far field attenuation spectrum and will define
attenuation spectra for the far field noise from the inlet and
exhaust ducts. The attenuation objectives may fall below
jet noise and turbomachinery noise floors in anticipation of
improvements in these areas.

The far field attenuation objectives are then applied directly
to the near field data, after these data are transformed to i
octave. These spectra, in addition to pure tone spikes which
can only be seen in the narrow band data, furnish objectives
to which the duct lining design procedure will be addressed.
Since this process can be repeated for approach, cutback, and
takeoff conditions, the design objectives for the individual
cases will be compromised to form a composite design
objective for fan inlet and exhaust linings. The design ob-
jectives can be briefly described as specifying certain target
frequencies at which the lining performance is to be optimized
(generally pure tone spikes) as well as broad band attenuation
requirements.

The analytical design phase depends on three types of com-
puter programs. These are: a) duct propagation based on
uniform flow assumption (UF), b) duct propagation based on
sheared flow (boundary layer) model (SF), c) lining material
properties program (MP). The design philosophy is based
on a least attenuated mode concept and is most appropriate
for ducts with a fairly large length to width ratio. A multi-
modal approach would be required for short ducts. In the
least attenuated mode concept the lining is optimized at a
target frequency in such a way that the least attenuated mode
has the greatest attenuation possible. This is accomplished
using both UF and SF. The resulting optimum installed
impedance is translated into lining parameters via MP.
Given the resulting optimum impedance a multimodal version
of either UF or SF is used to generate an attenuation spectrum.
The attenuation spectrum objective is met by choosing opti-
mum impedances (several lining sections of different impe-
dance or a multiple degree of freedom lining may be dictated
if there is more than one target frequency) and appropriate
lining lengths. Once a design is determined, allowable manu-
facturing tolerances for the lining are established by para-
metric variations using UF. Design verification is then
accomplished by flow duct testing.

In the preceeding discussion we have indicated the existence
of an analytical and experimental capability for the analysis
and design of acoustic lining for ducts. It is the purpose of
this paper to present the details of the test facility and mathe-
matical models employed in the design and analysis procedure
and to indicate by specific examples the success with which
we have been able to mathematically model acoustic lining
behavior.

Flow Duct Test Facility

The Boeing-Wichita acoustic flow duct test facility was
developed to simulate the aerodynamic and acoustic proper-
ties of both the inlet and exhaust fan ducts on fanjet engines.
As shown in Fig. 1, this facility is of the double reverberant
chamber type discussed by Melling and Doak.8 The two
acoustic reverberation chambers are utilized at each end of
the test section to provide diffuse sound fields for the deter-
mination of the acoustic performance of the lining material and
act as plenums for the air flow through the test section. They
are defined as primary and secondary chambers. The pri-
mary chamber is connected directly to the inlet and exhaust
mode ejector systems. In the exhaust mode of operation,
the sound and air flow both originate in the primary chamber.
In the inlet mode of operation the sound is generated in the
primary chamber while the air flow is drawn in the opposite
direction from the secondary chamber by an ejector system.

The test section is a unique design which will permit the duct
geometry to be easily and rapidly changed to meet specific
requirements. These geometric changes may be accomplished
during normal panel changes or while the duct is operating.
Acoustically treated test panels and solid aluminum blanking
panels are fitted into the walls of the test section.

Several types of acoustic generators are available to produce
the desired sonic spectrums, but the prime source is the noise
generated from the air ejector and plumbing systems. A
degree of level control on this acoustic energy may be ob-
tained by balancing and simultaneously operating the inlet
and exhaust mode ejectors, thus producing higher sound
levels at the lower Mach number flow conditions. Auxiliary
noise generators are located in the primary chamber to sup-
plement the ejector in the higher frequencies. The noise
generators consist of impinging air jets and nozzles, a discrete
frequency siren capable of 160 to 170 db from 1500 Hz to
4000 Hz, and a 140 db tunable Hartman generator whistle.

The performance of acoustic linings is generally monitored
in terms of the insertion loss spectrum of the lining. The
insertion loss is obtained by testing with and without lining
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Fig. 1 Sketch of flow duct.
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Table 1 Boeing-Wichita flow duct
characteristics

Parameter Inlet/exhaust mode

Mach Number
Sound pressure level
Discrete frequency

sonic generator

0.40/0.60
155/160 db over-all

500*5000 Hz

material. A baseline test is performed using hard wall alu-
minum blanking panels with the acoustic spectrum being
recorded in both the primary and secondary chambers for a
series of Mach numbers in both the inlet and exhaust modes
of operation. The test is then repeated using the subject test
panels. The insertion loss in each test condition is deter-
mined as the difference between the acoustic spectrum in the
secondary chamber with and without lining material. In
addition, flush mounted microphones are located throughout
the length of the lining so that the rates of acoustic attenuation
can be computed.

The important performance characteristics of the Boeing-
Wichita flow duct facility are given in Table 1.

Lining Model

A theoretical calculation of the transmission of sound in a
lined duct with flow requires a detailed description of the
impedance of the lined walls. The installed impedance of
the lined walls provides the necessary boundary condition for
the transmission calculation.

The lined walls are typically constructed as shown in Fig. 2.
The liner consists of arrays of normally reacting Helmholtz
resonators provided by small cavities sandwiched between a
porous face sheet and impervious backing. The impedance of
the liner may be expressed as

Z \R X~\ \ 2nfdl— = — + i — - i cot—- (1)pc Ipc pcjfacesheet I c Jcavi ty

provided that all dimensions are small with respect to wave-
length. In Eq. (1) p is the fluid density, c the speed of
sound, R and X the resistive and reactive components of the
face sheet impedance, /the driving frequency in Hz and d the
backing space depth.

Many studies are reported in the literature which describe
the acoustic behavior of the liner face sheet. These theoretical
and experimental studies have been conducted on both per-
forated and fibrous materials. Until recent years the studies
have been directed primarily to the "linear" acoustic regime
for the case where no fluid flow is grazing the acoustic liner.
Beranek20 has summarized many of the results of such studies.

With the advent of serious development of the rocket engine
and the need for sound absorption in the flow passages of the
gas turbine engine, many additional impedance studies have
been conducted. Studies such as those of Zinn,22 Blackman,21

Garrison,23 Fedder and Dean24 have investigated acoustic

FACE SHEET

BACKING SPACE

impedance in the "nonlinear" regime with specific emphasis
on the effects of grazing flow.

The first step in modeling the resistance component of the
face sheet impedance is accomplished by isolating the dissi-
pation mechanism for steady flow conditions in terms of the
fluid properties, face sheet geometry, and particle flow. The
isothermal, one-dimensional, steady flow pressure loss of a
fluid flowing through a homogeneous porous matrix, Fig. 3,
has been mathematically described by Green and Duwez18 as

(Pi2 - P2
2)l2bTt = iln^ G2 (2)

where G = pi Vi = p2 V2, p is the absolute viscosity of the fluid,
b is the gas constant in PV = bT. a is the viscous (linear) loss
coefficient and /3 the inertial (nonlinear) loss coefficient, both
of which are dependent on material geometry only. The
ratio j8/a, as described by Green and Duwez, is the charac-
teristic length which represents the dissipative characteristics
of a particular matrix.

For the small pressure gradients imposed in acoustic appli-
cations, the equation can be simplified and arranged to yield
the steady flow (D.C.) resistance of the material

(3)

where
RI

RVD.C. — ocfjit (viscous resistance)
RID.C. = PptVP (inertial resistance)

(3b)

(3c)

Equation (3) clearly indicates that the non-linearity of a homo-
geneous material is related to the characteristic dimension
(j8/a) and the kinematic viscosity (^/p) of the fluid. For the
case of materials such as perforated sheet, Eq. (3c) must be
modified as follows

since the inertial loss mechanism, being essentially independent
of material thickness, occurs as a result of the sudden expan-
sion as the fluid emerges from each perforation.

Equation (3) is transformed to the low-frequency acoustic
regime by tracing the instantaneous resistance variation over
a single period for a sinusoidaly applied pressure. The
equivalent resistance is defined as the factor of proportion-
ality which relates rms pressure loss to rms particle velocity
Fprms- This treatment is analogous to the theory of non-
linear resistance in electrical circuits and yields approximately

RA.C. = +
2v/(2)i Vprms (5)

where a and /3 are computed from D.C. measurements from
Eq. (3).

The last step in defining the acoustic resistance at zero
grazing flow is to account for the variation in the dissipation

MATRIX

Fig. 2 Typical lining configuration.

V2

Fig. 3 Element of
porous matrix.

x = 0
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mechanisms. The viscous resistance for certain materials in-
creases with frequency by (&RV)A..C. due to additional shear
produced by the alternating flow.2 ° Analysis of standing wave
impedance tube data for certain materials indicates the strength
of the inertial loss mechanism depends on the amplitude of
particle displacement and must be altered by a correction of
functional form O(///KPrm») where / is the effective thickness
of the material. This correction factor is found by empirical
correlation of test data for particular materials.

Many investigators have shown that grazing airflow signi-
ficantly affects the installed resistance of certain face sheet
materials. The change in resistance &RG due to grazing flow
is intimately related to the viscous and inertial coefficients a
and j8, grazing flow Mach number, and the size and shape of
the boundary layer as well as the surface roughness of the
panel. If one assumes that the grazing flow induces local
boundary-layer separation and related nonsteady low-fre-
quency (nonacoustic) flow within the face sheet, an equivalent,
non-resistance dependent RMS pressure fluctuation APrms can
be related to the grazing flow dynamic pressure as

where K is a function of the grazing flow boundary layer, face
sheet surface geometry, and roughness, determined empirically.
Equations (5) and (6) can be used to define an increment in
rms particle velocity due to the grazing flow. This, in turn,
can be employed in Eq. (5) to deduce an increment in the
resistance due to the grazing flow. The change in normalized
resistance (A^G/pC) due to grazing airflow can be calculated
as

PC
7TK

4CV2)1 (7)

Of particular interest in Eq. (7) are the limiting cases. For
linear materials where a ^> ]8 the grazing airflow provides
no change in the installed resistance. For very nonlinear
materials

(7a)

Thus, very nonlinear materials can be expected to yield large
resistance changes proportional to grazing flow Mach number.

Accounting for all of the observed phenomena R/pC in
Eq. (1) may be approximately computed by the following
simplified superposition model for a given frequency

(8)2(2)1/2 C

K
J*f

2.0

Q
W
N
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Fig. 4 Resistance of polyimide face sheet showing nonlinear behavior
at high SPL and grazing flow effect.
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Fig. 5 Resistance of perforated sheet showing nonlinearity at zero
grazing flow and transition to linear behavior with increase in grazing

flow.

The elements of Eq. (8) can be best illustrated by the resistive
impedance data shown in Figs. 4 and 5. Figure 4 shows, data
obtained from the Boeing-Wichita grazing flow wave-guide25

for a polyimide face sheet material. By noting that the
driving SPL is directly related to the particle velocity, the
nonlinear characteristic of the material at high SPL (particle
velocity) is seen. The linear (viscous) resistance predominates
at low SPL whereas the nonlinear (inertial) resistance pre-
dominates at high SPL. As predicted by the mathematical
model, when grazing flow increases the apparent linearity of
the material is maintained to a significantly higher SPL.
Similar data for a highly nonlinear perforated face sheet is
shown in Fig. 5. In this case the viscous contribution is very
small and is not detectable over the range of data shown.
With a grazing flow Mach number of 0.3 the resistance of the
material is dominated by the grazing flow effect to a point
that linearity exists for a range of SPL's in excess of 150 db.
Thus, we note the paradoxical behavior of highly nonlinear
materials in the presence of grazing airflow.

The reactive impedance of the face sheet, X/pC in Eq. (1),
is computed using the classical fluid piston model modified
to include the effects of particle velocity and grazing flow as
follows:

(9)

(10)

where the piston mass MA is given by

a is the porosity of the face sheet, and (t + Aj) is the effective
length of the fluid piston. The excess length of the fluid
piston (A?) is functionally dependent upon particle velocity
and grazing flow. An example of a complete mathematical
model for a perforated plate lining can be found in Ref. (26).

As an indication of the validity of the mathematical model
we have compared results computed from it with measured
impedances of perforated sheet as reported by Garrison.23

These results are at zero grazing flow and are shown in Fig. 6.
To show the grazing flow effect we have compared the model
to perforated plate data obtained by Feder and Dean.24

Figure 7 shows these results using compute4 values at a hole
diameter of 0.087 in. while the experimental results are for a
range of hole diameters from 0.023 to 0.125 in. The empirical
portions of the mathematical model were obtained inde-
pendently of the data shown in these figures.
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Fig. 6 Zero grazing flow comparison of theoretical and experimental
results for resistive impedance of perforated sheet.
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Fig. 7 A comparison of theoretical and experimental results for
resistance change due to grazing flow.

Theoretical Analysis

Mathematical Model

In order to provide some measure of quantitative theoretical
capability for the prediction of lining performance in ducts, a
highly idealized mathematical model is employed.

The duct flow is modeled as flow of air in an infinite duct
of rectangular, circular or annular cross section. Propagation
is modeled according to the usual acoustic assumptions. Two
types of mean flow can be employed. The simplest model
assumes that the flow is uniform on the duct cross section so
that the propagation of sound is governed by the convected
wave equation. The second, more refined model, allows for
an arbitrary sheared flow profile which can be employed to
approximate the effect of boundary layer on sound trans-
mission.

Uniform Flow Profile

The mathematical model employing a uniform flow profile
is the primary tool for lining design and optimization because
of computational economy. If the x axis is taken parallel to

the axis of the duct, the propagation of pressure disturbances
in the duct is governed by the convected wave equation

V2
P - (l/C2)[d/8t + ud = 0 (ID

Although parallel capability is available for rectangular, cir-
cular, and annular ducts with any combination of lined and
unlined walls, the major testing and theoretical effort has been
directed toward the rectangular duct with two opposite walls
lined with the same material or with only one wall lined.
Solutions for harmonic wave propagation in the m, n mode
in the rectangular duct which satisfy the hard wall condition
at z = 0 and z = b are

pmn — ei(tot~kxmnx) $>mn(kymny) cos(ri7T/b)z (12)

where

and
mn(kymny) = Amn cos kymny + Bmn sin kymny

1
1-M2 {-M± [1 - (1 - M2)r}mn2Y/2} (13)

= (KymnlkY + k = c
where to is the driving frequency, c is the speed of sound in
the air in the duct, Mis the Mach number of the flow, M = u/c,
d and b are the duct height and width, respectively. By
assuming a normally reacting lining, In gard's formulation of
the boundary condition at a porous wall with grazing flow,13

and the existence of a linear admittance model for the lining
of the form L = Z(o>,M), a solution for propagation, con-
sisting of the superposition of individual modes of propagation,
can be found in the form

n —P — •ni* v*>
The wave numbers kxmn are found as solutions to a transcen-
dental eigenvalue equation dictated by the wall boundary
conditions.15

A solution of this type will exist for solutions upstream and
downstream of the noise source (inlet and exhaust flow).
Since we assume an infinite duct the two types of solutions are
not coupled because no termination reflections are permitted.
The wave numbers kxmn which correspond to downstream and
upstream solutions are those which have negative and positive
imaginary parts, respectively. If the imaginary parts are zero,
as will occur for a rigid walled duct for modes which are not
in the cutoff, then the appropriate solution can be determined
by the phase velocity (k/kx)c. The phase velocity should
generally be positive for downstream propagation and nega-
tive for upstream propagation. However, for a given mode if
1 <fr]mn2 <(1 — M2)""1 'in a rigid duct two negative phase
velocities occur. Energy transmission considerations27 show
that the appropriate downstream solution is the one corre-
sponding to the phase velocity obtained by choosing the
positive sign in Eq. (13).

If we are interested in a solution for other than the least
attenuated mode, the modal coefficients po^n in Eq. (14) are
to be determined by forcing the series solution to satisfy the
pressure field at some duct cross section, say x = 0. Pre-
suming that experimental or assumed data is available from
which we are able to extract the pressure fluctuations at fre-
quency cu, we would define

p{y9z,t)=P(y9z)eimt (15)

The pressure coefficients would then be required to satisfy

(16)

where we have introduced *¥mn(y,z) to denote the eigenfunc-
tions. Since *¥mn are not orthogonal functions, unless the
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walls are rigid or M — 0, we have used a collocation procedure
to find pomn which utilizes a certain number of modes, say TV;
to satisfy Eq. (16) at TV or more points on the cross section.

As noted previously, we presume that detailed pressure data
is available at a given cross section. The type of data needed
would involve the usual rms profile as well as time correlation
to determine phases. If this type of information is riot avail-
able, other assumptions are made regarding the modal con-
tent. For instance, it might be assumed that all modes not
cutoff have equal amplitude or equal energy.

A theoretical figure of merit for the performance of the
lining can be defined in several ways. The one which is most
commonly used in the development program described here
is the change of sound pressure level (SPL) over the lining
length A*

= 20 |log [p(x + Ajc)/p(*)j | (17)

If the duct is annular we will have at the inner wall, r = a
dP/dr = iLak(\ - MK]2P\ r =a (21)

The pressure at x and x -f A* would be evaluated at the same
point on the cross section such as at the duct wall or at the
duct center line.

Even this rather idealized model of the flow duct poses
severe analytical and numerical problems. The prime chal-
lenge is the development of an efficient eigenvalue routine for
the determination of the wave numbers, kxmn. Early investi-
gations15 were directed toward one or two modes of propa-
gation which combine to define the so. called "least attenuated
mode.'' These investigations established an efficient Newton-
Raphson iteration procedure with an automated initial guess
update procedure. This basic format has now been extended
to a multi-mode capability with collocation for determining
modal distribution.

Sheared Flow Profile

It has generally been presumed that the boundary layer in a
duct has only a minor effect on the attenuation performance of
acoustic linings. Considerable experience in the interpreta-
tion of flow duct test results has shown that the attenuations
predicted by the uniform flow theory are generally higher than
attainable in flow duct testing, particularly in the inlet flow.
Although there are a number of ways in which the test facility
violates the assumptions of the theory, we have focused
attention on the boundary layer as a possible source of this
discrepancy. To study the boundary-layer contribution we
have employed the sheared flow method of Mungur and
Gladwell17 and MungUr and Plumblee14 which are developed
on the fundamental ground work of Tack and Lambert4

and Pridmore-Brown.12 The mathematical formulation of
Mungur and Plumblee has been cast in a form utilizing a
Newton-Raphson iteration scheme and automated initial
guess update routine.18 A capability is available for both
the circular and annular duct. We have not developed a two-
dimensional channel capability, since we have not ascertained
the importance of the boundary layer on the adjacent walls
which may affect the two-dimensional results.

As shown by Mungur and Plumblee,14 the acoustic pressure
distribution in a circular or annular duct with a sheared flow
can be written:

p(r,0,x9t) =^= p(r)eictot~kxx) cos m9 (18)

where P(r) is defined by the ordinary differential equation
cPP , fl 2K
dr2

I" 1 2K dM\ dP
[r 1-MK dr\ dr~

= Q (19)

and K = kxfk. The duct flow Mach number is the local mean
flow Mach number defined by M(r) = U(r)/c.

In the circular duct case the duct wall at r = R yields the
boundary condition

dP/dr = - iLRk(l - MK)2P; (20)

The two-point boundary value problem is, solved by the
iterative Runge-Kutta integration method of Mungur and
Gladwell.17'18 In addition to the sinusoidal and constant
gradient boundary-layer profiles generally assumed14'17'18 we
employ a closed-form integration in the boundary layer for
very thin boundary-layer thicknesses and a partial closed-form
integration in the I/TV power law boundary layer.

The current version of the sheared flow analysis program
has multimodal capability for arbitrary angular or radial
modes and uses a starting guess routine based on hard wall,
M = 0, duct modes which eliminates all uncertainty about the
migration of roots with frequency and Mach number. The
computational efficiency of the sheared flow analysis is con-
siderably less than the equivalent uniform flow case. For
this reason this capability has been assigned a secondary role
in the design procedure and is used to refine estimates of
lining performance.

Optimization Programs

Both of the duct propagation mathematical models have
associated with them optimization schemes used to define a
lining impedance at the target frequency which provides the
maximum attainable attenuation. As discussed previously
we use a long duct philosophy and, consequently, place the
greatest emphasis on the least attenuated mode of propagation
in lining design. Thus, it has been considered to be both
appropriate and efficient to define as optimum design based
on a least attenuated mode solution to the governing duct
equations.

In the case of the uniform flow model the procedure is
analogous to that of Cremer10 in the no flow case. An
optimum impedance is one which causes two modes of pro-
pagation to coalesce. This means that we seek those values
of impedance which lead to double roots of the eigenvalue
equations generated by Eqs. (11), (12), and (13), or
analogous relations. These double roots are termed saddle
points and may be found by several means, as for example by
Tester.28 Tester points out that an optimum attenuation
found in this way may actually reduce the attenuation in
certain higher modes to such an extent that they, in reality,
might become "least attenuated." His results were at fairly
high frequency (kl = 87r) and we have not observed this at
the lower frequencies at which we operate. However, this
occurrence would not go unnoticed because of subsequent
multimodal analyses in our design procedure.

Optimization in the case of sheared flow is performed
directly by utilizing a steepest descent approach. This
method is more versatile than the saddle point approach used
in the uniform flow case in that the performance function to
be optimized can represent attenuation in an arbitrarily
weighted combination of modes. It is ordinarily used in a
least attenuated mode format but several modes are con-
tinuously checked for minimum attenuation.

When the optimum wall impedance at the design point is
determined, the mathematical model of the lining impedance
is employed so that the appropriate physical parameters of
the lining configuration which provide the required design
point impedance can be specified.

Theoretical and Experimental Results

As noted previously, early flow duct testing of acoustic
linings was undertaken with little or no theoretical backing,
and what backing there was usually neglected the effect of the
duct flow. However, a substantial body of test data showed
rather consistent indications of a strong influence of the Mach
number of the duct flow on the attenuation characteristics of
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Fig. 8 Shift of tuning frequency due to duct flow.

the linings. The most consistent trend appeared in the fre-
quency at which peak attenuation occurs in the attenuation
spectrum. Figure (8) shows a normalized plot of trie varia-
tion of the frequency of peak attenuation with Mach number,
the frequency of peak attenuation being normalized with
respect to conditions at M — 0. The experimental results are
obtained by comparing insertion loss spectra at the various
Mach numbers. The theoretical results are for attenuation
spectra involving only the least attenuated mode. As noted
by Eversman18 this mode is actually a composite of two
modes over the frequency range considered. At low fre-
quencies, it is the fundamental mode and at higher frequencies
it is a mode which at lower frequencies has a high attenuation.

Figure 8 shows comparisons with data obtained in the Boeing-
Wichita facility on Polyimide type linings with an impedance
characteristic modeled by

Z = CR/42X1 + iflfr) - i cot kS (22)

where R is the flow resistance of the facing sheet,/is the driving
frequency in Hertz, fr the cross over frequency, k = oj/c, and
8 is the backing space depth. The comparison is very favor-
able for the conditions shown, even with the relatively crude
impedance model.

Figure (9) shows attenuation spectra obtained in the Boeing-
Wichita facility for 4% open area perforated sheet. The
case shown is for a 32-in. panel on two walls in a 12in. by
9in. duct. The backing depth is O.Sin. and the distance be-
tween lined walls in 9in. Data were obtained in the inlet
flow at M = 0.15 and 0.4, in the exhaust flow at M = 0.2, 0.4,
and 0.6, as well as at M = 0. For comparison purposes
theoretical results utilizing the uniform flow program and
perforated plate mathematical model are shown. These
results are based on an equal amplitude assumption for the
modal distribution and include the plane wave across the hard
walls and all soft wall modes not in cutoff. The equal-modal
assumption was made in the absence of pressure profile
information required for a collocation procedure. Although
it is overly optimistic to say that excellent agreement is ob-
tained, it is noted that some of the essential features are
reproduced.

One noticeable trend which appears consistently in corre-
lating theory and experiment is the overestimation of attenua-
tion in the inlet mode at the higher Mach numbers. This has
been explained, at least partially, by considering the effect of
the boundary layer on attenuation. Reference 18 deals
extensively with this problem, and it is found that the boundary
layer can have a substantial effect on the deoptimizatipn of
lining performance, particularly in an inlet flow at high Mach
numbers.
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In order to further investigate the validity of the lining
mathematical model and the duct analysis program, we have
made computations corresponding to the conditions of a
highly refined and closely controlled test performed and
reported by Bolt, Beranek and Newman under contract to the
Brunswick Corporation, Metal Fibers—Technical Production
Division.29 These tests were conducted in a lin. x lin. duct
lined on one wall with 9.5% open area facing sheet on a
0.75in. backing space. Figure (11) shows results of the com-
parison at M = 0.0 and M = 0.5 at a driving SPL of 140 db.
The frequency scale is normalized with respect to the fre-
quency at which peak attenuation occurs Fp. It can be seen
that the theoretical model matches all of the essential behavior
observed in the test results. While a frequency by frequency
comparison is ruled out by the normalization procedure, it
can be stated that the normalizing frequencies found theoretic-
ally and experimentally were in satisfactory agreement.

An excellent example of the validity of the analysis procedure
was obtained from the design of acoustical treatment for the
tailpipe of a JT3D-3B turbofan engine for the purpose of the
reduction of turbine noise, as discussed in detail in Ref. 26.
The lining design was tested in the flow duct with an input
consisting of a broadband random spectrum at about 130
db SPL and a simulated turbine spectrum which was synthe-
sized by vortex generators. Figure (10) shows the comparison
between the measured attenuation spectrum and the spectrum
computed theoretically. Theoretical design was based on a
least attenuated mode optimization and the results shown
were obtained from the uniform flow program on a multi-
modal basis, weighting the modal content for propagating
modes on an equal amplitude basis. Since this is an exhaust
flow case we expect only minor effects of boundary layer, and
the results indicate excellent correlation.

Theory Mach
BBN Data Mach
Theory Mach

D BBN Data Mach

1.0 1.5

Normalized Frequency/ F/Fp

Fig. 11 Comparison of theoretical and experimental attenuations.
Bolt, Beranek, and Newman data at 110 db, Af = 0 and M= 0.5.

Conclusions

We have indicated a rational procedure for the specification
of design objectives for acoustic linings for turbo-fan noise
suppression and the subsequent design and analysis phase.
The design and analysis phases rest heavily on the interaction
of a theoretical prediction capability and extensive flow duct
testing. The mathematical models involved in the theoretical
prediction have been discussed and results compared with
appropriate experimental data. It has been found that, in
general, the basic trends are predicted quite well, although
comparison on a point by point basis leaves room for improve-
ment in many areas. The reasons for discrepancies are not
difficult to identify. The entire flow duct model is based on
highly idealized equations of fluid motion. The flow duct
facility probably violates nearly all of the basic assumptions.
For example, the flow is highly turbulent, and the pressure
fluctuations and gradients are large. In addition, the flow
itself produces noise which establishes a noise floor and
effectively reduces the attenuation capability of a given lining.

In spite of the problems associated with quantitative agree-
ment of theory and experiment, we have found the combina-
tion to provide a highly efficient design procedure for the
synthesis of acoustic linings which meet established design
objectives.
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Closed Form Solution for the Sonic Boom in a
Polytropic Atmosphere

R. STUFF*
Deutsche Forschungs- und Versuchsanstalt fur Luft- und Raumfahrt, Aachen, Germany

The sonic boom problem for typical aircraft maneuvers in a polytropic atmosphere is solved analytically
using the analytic method of characteristics. The linearized wave propagation, which serves as initial solution
to the method of characteristics, is solved first. The velocity perturbations are multiplied by the factor
(coPPop/c0poY/2. With c0 as local sound velocity and p0 as local static pressure, the product c0p0 is, per unit time,
the work done by the static pressure at local altitude, and coppop is the corresponding quantity at flight altitude.
The characteristic method is modified to encompass the case of an oncoming stream with variable sound velocity.

Nomenclature
A = coefficient of sound-velocity statification
B = acceleration coefficient
b — acceleration
c = speed of sound
F = Whitham's F function
G = distance function
g = gravity acceleration
Kr = curvature of the envelope
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K12 = constants of integration
/ = body length
M = Mach number related to cop
m = gradient of the speed of sound
p = pressure
RK = radius of curvature of the flight path
R = instantaneous radius of the wave front
s = ray
t = time dimensionless by / and cop
u — velocity vector
x, y, z — rectangular coordinates dimensionless by /
x = axial coordinate
z = vertical coordinate
a = coefficient of gravity stratification
y = ratio of specific heats
rj = coefficient of polytropic stratification


